Abstract. Given a compact Lie group G, a reconstruction theorem for free G-manifolds is proved. As a by-product reconstruction results for locally trivial bundles are presented. Next, the main theorem is generalized to G-manifolds with one orbit type. These are the first reconstruction results in the category of G-spaces, showing also that the reconstruction in this category is very specific and involved.
Introduction
Let X be a regular (T 3 ) topological space and let H(X) be the group of all homeomorphisms of X. If H ≤ H(X) then the pair X, H is called a space-group pair. A class K of space-group pairs is called a faithful class, if for every X 1 , H 1 , X 2 , H 2 ∈ K and a group isomorphism ϕ : H 1 ∼ = H 2 , there exists a homeomorphism τ : X 1 ∼ = X 2 such that ϕ(h) = τ • h • τ −1 for every h ∈ H 1 . The reconstruction problem in the topological category consists in finding out faithful space-group pairs. A pioneer work was done here by Whittaker [27] . Such problems are also considered in many other categories, see [17] , [18] , [19] , [2] , [20] , [22] , [4] .
There are several reconstruction results on the ground of differential geometry. First of all it is well known ( [27] , [8] , [17] , [1] ) that the group of all C r -diffeomorphisms (0 ≤ r ≤ ∞) of a C r -manifold defines uniquely the topological and smooth structure of the manifold. Analogous results are true for the automorphism groups of some geometric structures, e.g. [1] , [23] , [24] , [25] , [13] , [3] , [21] . Infinitesimal counterparts of the reconstruction theorems are also known and useful in the proofs of them (see, e.g., [16] , [10] , [11] and references therein).
From now on we denote by H ≤ K (resp. H ⊳ K) the fact that H is a subgroup (resp. normal subgroup) of a group K.
A group of homeomorphisms H ≤ H(X) is called factorizable if for every open covering U of the space X, the set U ∈U H U generates H. Here H U = {h ∈ H : h| X\U = id}.
A group H ≤ H(X) is said to be non-fixing if H(x) = {x} for every x ∈ X, where H(x) := {h(x)|h ∈ H} is the orbit of H at x.
The following theorem, due to the first-named author ( [17] , [19] ), is a basic fact in reconstruction problems of homeomorphism groups. Theorem 1. 1 . Let X 1 , X 2 be regular topological spaces and let H 1 and H 2 be factorizable, non-fixing homeomorphism groups of X 1 and X 2 , resp. Suppose that there is an isomorphism ϕ :
Then there is a homeomorphism τ :
Let G be a compact Lie group acting on a topological space X. A homeomorphism f : X → X is G-equivariant, if for every g ∈ G, x ∈ X, f (g.x) = g.f (x). That is, µ g • f = f • µ g , ∀g ∈ G, where µ g : X ∋ x → g.x ∈ X is the left translation. The symbol H G (X) 0 will stand for the group of all homeomorphisms of X that can be joined with the identity by a compactly supported isotopy consisting of Gequivariant homeomorphisms. In general, H(X) 0 will denote the group of all homeomorphisms of X that can be joined with the identity by a compactly supported isotopy.
Let M be a topological manifold with a free G-action. Our aim is to prove a reconstruction theorem for H G (M) 0 . The case of free G-action can be viewed as a generic case among G-actions, where G is a compact Lie group ( [6] ).
Recall the following basic fact, c.f. [9] , [6] . If G is a compact Lie group and G acts freely on a T 3 1 2 -space X then X can be regarded as the total space of a principal G-bundle π : X → B X . Letπ : H G (X) 0 ∋ f →f ∈ H(B X ) 0 be the induced homomorphism. Next, let Gau(X) := ker(π) be the group of gauge transformations on the total space X of π : X → B X .
By Sect(X) we denote the set of all continuous sections of the principal G-bundle π : X → B X . If U is an open set of B X such that π is trivial over U then Sect(π −1 (U)) admits a group structure by pointwise multiplication.
Our main result is the following 
If we consider globally trivial principal bundles the theorem assumes a simpler form, namely we have 
The proof follows from that of Theorem 1.2. Notice that in [26] it was proved by the second-named author that H G (M) 0 is perfect, i.e. equal to its commutator subgroup, provided the G-action is of one orbit type. It is very likely that if we replace H G (M) 0 by H G (M), the group of all G-equivariant homeomorphisms of M, such a theorem would be false. The fact that H G (M) 0 is perfect occurs to be an indispensable ingredient of the proof of Theorem 1.2 (see Proposition 3.11).
Section 2 is devoted to homeomorphism groups related to locally trivial bundles. It contains some reconstruction results being consequences of Theorem 1.1. These results are applied in the proof of Theorem 1.2 but they are also interesting for themselves. The next section 3 is a clue part of the paper. It contains a characterization of transversal isotropy subgroups S It occurs that the proof of Theorem 1.2 cannot be carried over to the C r category, r = 1, . . . , ∞, without possible essential changes in whole strategy of the proof. Namely, Lemma 3.8(2) is obviously no longer true for homeomorphisms of class C r . We can neither drop the assumption that M and N are topological manifolds due to the proofs of Lemma 3.9 and Proposition 3. 10 .
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Homeomorphism groups related to locally trivial bundles
Let X be a regular topological space. For h ∈ H(X) we set carr(h) := {x ∈ X : h(x) = x}, supp(h) := cl(carr(h)) and var(h) := int(cl(carr(h))) = int(supp(h)). Here, for A ⊆ X, cl(A) and int(A) denote the closure and the interior of A, respectively.
Let H ≤ H(X) be a group of homeomorphisms on X. For any open U ⊆ X, denote H U = {h ∈ H : supp(h) ⊆ U}. In particular, H U (X) = {h ∈ H(X) : supp(h) ⊆ U}. If X is a paracompact space, then H is factorizable in the above sense iff U ∈U H U generates H for any open cover U of X.
Recall that an open U ⊆ X is called a regular open set if U = int(cl(U)). Notice that for any set A ⊆ X, the set int(cl(A)) is regular open. It follows from definition that for any regular open set U and
Let Ro(X) denote the family of regular open sets of the space X. We endow Ro(X) with the following operations:
Ro(X) = ∅, 1 Ro(X) = X, and the induced partial ordering of Ro(X) is ≤ Ro(X) =⊆. Let f be a homeomorphism between X and Y . Then f induces an isomorphism f Ro between Ro(X) and Ro(Y ) given by f Ro (U) = f (U) := {f (x)|x ∈ U}. If X is Hausdorff then the mapping f → f Ro is an embedding of H(X) into Aut(Ro(X)).
A space-group pair X, H is called a local movement system if for every U ∈ Ro(X) there is f ∈ H, f = id, such that var(f ) ⊆ U. H is then called a locally moving group of X. A starting point in many reconstruction problems is the following theorem proved by Rubin [17] , [19] .
Theorem 2.1. Let X 1 , H 1 and X 2 , H 2 be local movement systems, and ϕ :
In other words, for every U, V ∈ Ro(X) and f ∈ H 1 ,
Now, we wish to generalize Theorem 2.1 to the case of locally trivial bundles.
Let F be a topological space. Recall that a continuous surjective mapping π : X → B is called a locally trivial bundle with the standard fiber F if the following local triviality property holds:
There is an open cover U of B such that for every U ∈ U there is a homeomorphism α U :
Observe that π is always trivial over a contractible set. 
The proof is an easy exercise. Notice that the local triviality property is an indispensable assumption in Proposition 2. 2. Suppose now that two locally trivial bundles π 1 : X 1 → B 1 and π 2 : X 2 → B 2 with the same standard fiber F are given. A homeomorphism f : X 1 → X 2 is said to be projectable if there exists a homeomorphism f :
It follows that such af is then uniquely determined. Now, if a locally trivial bundle π : X → B is given, we define H proj (X) := {f ∈ H(X) : f is projectable}, the group of projectable homeomorphisms of X. Denote byπ : H proj (X) → H(B) the mapping induced by π, i.e.π(f ) =f . We say that a group of homeomorphisms
Convention. Under the above, let H(X) be a projectable group. For any f ∈ H(X),f will always denote an element of H(B) given bỹ f :=π(f ), whereπ : H(X) → H(B) is the mapping induced by π.
Likewise, we denoteH(B) :=π(H(X)).
We are in a position to formulate a straightforward consequence of Theorem 2. 1 . We say that a projectable group H(X) is transversally locally moving, if for every U ∈ Ro(B) there is f ∈ H(X) such that var(f ) ⊆ U andf = id. Theorem 2. 3 . Let π 1 : X 1 → B 1 and π 2 : X 2 → B 2 be two locally trivial bundles with the same standard fiber F . Assume that H(X i ), i = 1, 2, are projectable, transversally locally moving groups, and ϕ :
. In other words, for every U, V ∈ Ro(B 1 ) and f ∈ H(X 1 ),
Observe that it is not known whether, under the assumptions of Theorem 2.3, the Boolean algebras Ro(X 1 ) and Ro(X 2 ) are isomorphic.
For any projectable group H(X) we have that kerπ = {f ∈ H(X) :
Definition 2. 4 . Let H(X) be a projectable group of a locally trivial bundle π : X → B. Then H(X) is called transversely factorizable (resp. transversely non-fixing; resp. transversely transitive; resp. transversely LDC ) ifH(B) is factorizable (resp. non-fixing; resp. transitive; resp. LDC). Recall that a homeomorphism group H(X) is locally densely conjugated or LDC for short (c.f., [3] ) if for any U ∈ Ro(X) and x ∈ U the orbit H U(x) is somewhere dense. Theorem 2. 5 . Let π 1 : X 1 → B 1 and π 2 : X 2 → B 2 be two locally trivial bundles with standard fiber F and ϕ : Then there is a homeomorphism τ :
The proof follows immediately from some results in [3] .
Characterizations of isotropy subgroups
Let H ≤ K. For any g ∈ K, Z H (g) := {h ∈ H|gh = hg} is the centralizer of h in H, and Z K (H) denotes the centralizer of H in of K. In particular, Z(K) is the center of K. Next, N K (H) stands for the normalizer of H in K.
Let us start with the following structural theorem, [9] . Observe that originally this theorem was proved for T 3 Let M be a smooth manifold with G-action.
where µ g is the left translation. The symbol X G (M) will stand for the Lie algebra of all G-invariant vector fields. The following result is well-known. (U; (x 1 , . . . , x n )) of B M such that π is trivial over U, any X ∈ X G (M) assumes the form Proof. (1) is a consequence of the fragmentation property for homeomorphisms, c.f. [7] . If X ∈ X G (M) with supp(X) ⊆ U then the flow of X consists of elements of H G (M). Now to show (2) it suffices to take the group generated by elements of flows of the above form. This group is also transversally transitive, hence (3). Let (M, B M , π, G) be a principal G-bundle over B M . Then M is uniquely determined by its cocycle of transition functions, that is a covering {U i } i∈I of B M by coordinate chart domains and a collection of mappings g ji :
Lemma 3.2. For any coordinate chart
Then the maps (x, g) → (x, g ji (x).g), x ∈ U i ∩ U j , g ∈ G, are the transition functions of (M, B M , π, G) related to {U i } i∈I . In particular, we are given a bundle atlas {φ i :
for all x ∈ U ij . Clearly, the principal bundle is uniquely defined by the cohomology class of its cocycle of transition functions.
Every principal bundle admits a unique right action r : P × G → P , called the principal right action, given by φ i (r(φ
Notice that this is well defined, since the left and right translation on G commute.
We have the following version of Theorem 2.5.
Then there exists a unique
Moreover, there exists a homeomorphism
In fact, the groups H G (M) 0 and H G (N) 0 are obviously projectable and fulfill conditions (1), (2) and (3) from Theorem 2. 5 .
For x ∈ B M we denote by 
In particular, for g ∈ G we define
is equal to the constant mapping g on U i . It is obvious that c i (g) ∈ Gau(π −1 (U i )) and it depends on the choice of U i .
On the other hand, if g ∈ Z(G) then c i (g) is independent of chart and it extends to c(g) ∈ Gau(M). Moreover, c(g) ∈ Z(Gau(M)).
Next, let h ∈ S
. For every (x, g) ∈ U i × G we may write
Here h 1 can be viewed as an element ofH(B M ), and h 2 as an element of Gau(π −1 (U i )). Define
Remark 3. 5 . In general, the above construction of f (i) cannot occur globally. In fact, let (M, B M , π, G) be a principal G-bundle and let λ : G × S → S be a left action of the structure group G on a manifold S. We consider the right action r : (M × S) × G → M × S given by r((u, s), g) = (u.g, g −1 .s). Then M × G S, the space of orbits of the action r, carries a unique manifold structure, andπ : M × G S → B M is a locally trivial bundle with the standard fiber S. It is denoted by M[S, λ] and called the associated bundle for the action λ. In particular, for the conjugation action conj :
Let C(M, S)
G stand for the space of all mappings f : M → S which are G-equivariant, i.e. f (u.g) = g −1 .f (u) for g ∈ G and u ∈ M. Then we have a bijection between C(M, S)
G and the space of sections of the associated bundle M[S, λ], see, e.g., [6] , [14] .
It is well known that the group Gau(M) coincides with the space of G-equivariant mappings C(M, (G, conj) ) G (1) Let f ∈ H G (M) 0 and U ∈ Rob(B M ). Then f is said to be constant-like over U if there exists a subgroup
By C M we denote the set of all globally constant-like elements of Gau(M).
By CN x we denote the set of all constant-like near x elements of H G (M) 0 .
Obviously, for any U ∈ Rob(B M ) we have id M ∈ C M ⊆ C U . We also have that c(g) ∈ C M for all g ∈ Z(G). But there are other elements of C U as the following shows.
Proof. (1) Since U i is an embedded ball in B M we may assume that there are
By using that G is a Lie group, a standard argument using a chart in G (c.f. the proof of 3.9(1) below) leads to the existence ofĉ i (g)
corresponds to an elementĉ i (g) ∈ Gau(M) which is constant-like over
given by (3.3). ( 2) The inclusion ⊇ is trivial. Now let f = c(g) for all g ∈ Z(G). If there are some i ∈ I and x ∈ U i such that f (i) (x) ∈ Z(G) then we are done. Otherwise, for some i ∈ I, f (i) is not constant. Then there is h ∈ H (i) U i such that hf = f h. Therefore, the inclusion ⊆ holds as well. (3) follows from (2).
Observe that C U is preserved by the inverse operator, i.e. f −1 ∈ C U whenever f ∈ C U . Indeed, we can take
Observe as well that if f is constant-like over U and V ⊆ U then f is constant-like over V .
It is important and easy to see that
However, these facts require that (3.4) would not hold, since we do not know whether
Indeed, the first follows from the fact that for f ∈ C id U we may take
The second is trivial, and the third follows from the obvious fact:
, and the same is true for U replaced by B M . Consequently, for all U, V ∈ Rob(B M ) we have: is an open neighborhood of 0 in g. Now we can write f =f 1 . . .f s , wheref j are so small that for any i = 1, . . . , l and for any j = 1, . . . , s the mappingf
Continuing this procedure we get f 1 = f 1 . . . f l , and finally the required decomposition f = f 1 . . . f r .
(2) Choose U i ∈ Rob x (B M ) and let f ∈ Gau(M) satisfy the assumption. Arguing as in (1) we may assume that
We identify U i with the subset Q ⊆ R n given by Q := {y ∈ R n : |y 1 | < 1, |y 2 | < 1} such that x identifies with 0. Put V 1 := {y ∈ Q : |y 1 | > |y 2 |, y 1 > 0} and V 2 := {y ∈ Q : |y 1 | > |y 2 |, y 1 < 0}. Observe that any z ∈ Q \ (V 1 ∪ V 2 ∪ {0}) is uniquely written in the form z = ty + (1 − t)ȳ, where t ∈ [0, 1], y ∈ ∂V 1 andȳ := (−y 1 , y 2 , . . . , y n ) ∈ ∂V 2 . We define f 1 by means of f
., e.g., [12] . Then for each c ∈ C U we have (3.10) c ∈ C
Indeed, we have that for any c ∈ C Lemma 3.8(1) and the equality h
U , due to Proposition 3.7. Take g 1 ∈ G such that g 1 g = gg 1 . By a similar reasoning to that in Lemma 3.8 
and, by construction, f cannot be a product of elements of h∈G V hZ Gau(M ) (c)h −1 . It follows from (3.10) and Theorem 3.4 
The following result due to the second-named author [26] will be useful.
In fact, it is a special case of Theorem 1.1 in [26] .
, and analogously G 2 , H 2 and K 2 for B N and ψ(U). The following situation arises as a result of Proposition 3.9. Let Φ :
It follows that any g ∈ G i is written uniquely as g = hk with h ∈ H i and k ∈ K i for i = 1, 2. We have to show that
For any
is an isomorphism and χ : K 1 → H 2 is a homomorphism, and both are uniquely determined by Φ. Clearly, Φ(K 1 ) ≤ K 2 iff χ is the trivial homomorphism.
Choose arbitrarily V ∈ Rob(B M ) such that cl(V ) ⊆ U. In view of Theorem 3.10 we have
, the first assertion follows. The second assertion holds in view of the first.
The symbol F M x stands for the subgroup of Gau(M) such that f ∈ F M x iff f (u) = u for any (or some) u ∈ π −1 (x). In the proof of the following clue ingredient of the proof of Theorem 1.2 we are able to provide a condition which characterizes the subgroups F M x among other subgroups in Gau(M) and which is preserved by Φ.
Lemma 3. 12 . Under the assumptions of Theorem 1.2 
We define a family of subgroups of Gau(M) as follows: (2) , (3) and (4) below hold }, where Def.3.6(3) , (3.8) and (3.9)); (4) F is a minimal subgroup of Gau(M) satisfying (1), (2) 
If, e.g., f 1 ∈ F then by (2) and (3.7) there exist f ∈ F and c ∈ C (2) and (3) (2) and (3) we adopt the notation from section 3. Let x ∈ U i and let φ i : π −1 (U i ) → U i ×G be a local trivialization. Then we have the G-equivariant identification φ x i : π −1 (x) ∼ = G. On the other hand, we have the canonical isomorphism κ G : G ∋ g → µ g ∈ Gau(G). It is easily checked that for g ∈ G κ G (g) under the identification φ It follows that given another local trivialization φ j : π −1 (U j ) → U j × G with x ∈ U j we getφ We also haveφ In fact, if
